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An inverse method is developed to evaluate a distribution of internal-stress tractions on an internal surface of an elastic
complex structure. The traction distribution is evaluated by measuring a remote displacement ﬁeld generated when the sur-
face of interest is sectioned. This formulation employs partial polar decomposition (PPD) of a rectangular matrix within
the global ﬁnite element stiﬀness matrix for the process of inversion. A systematic regularization process is also provided
for the PPD inverse method. This method avoids cumbersome rigid body displacement control required in the formalism
of compliance matrix inversion. The method is robust in measuring residual stresses in an elastic complex structure, in par-
ticular, multiply connected regions. The inversion method has been tested experimentally by using electronic speckle pat-
tern interferometry (ESPI) with a specimen of multiply connected regions. Experimental results show that the regularized
solution using partial polar decomposition converges quickly with a small number of series terms.
 2006 Elsevier Ltd. All rights reserved.
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In the work described here, the objective is to determine the internal traction vector acting on an arbitrary
cross-section of a geometrically complex linear elastic body containing a residual stress ﬁeld. If the body is
sectioned, the internal traction vector acting on the section-plane is released and the body deforms to a
new equilibrium conﬁguration. By measurement of the deformation that results from the release of this trac-
tion vector on a portion of the surface of the solid, we can begin to reconstruct an image of the vector by use of
inverse problem theory.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.09.026
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these methods work by sectioning the solid or by creating a free surface in the body by removing material, for
example, hole drilling. (e.g., Lu et al., 1996; McGinnis et al., 2005) or slitting (e.g., Prime and Hill, 2006). In
these methods, the cutting process relaxes residual stresses and the response of the specimen is measured in
terms of either displacements (e.g., Schajer and Steinzig, 2005), strains (e.g., Ueda et al., 1975; Prime and Hill,
2006) or shape changes (e.g., Jensen et al., 1990; Choi and Kim, 1992; Prime et al., 2004) at some other loca-
tions on the surface of the body. Then, the measured data set is inverted to evaluate the traction distribution
relaxed by sectioning on the cut surface. The theory of inverse methods has been actively developed over the
past several decades (e.g., Groetsch, 1993; Robertson, 1998; Ben Abdallah and Bonnet, 2000), and inverse
methods in elasticity have gained great attention in recent years (see a review by Bonnet and Constantinescu,
2005).
In the elasticity inverse analysis, the deformation measurement area is referred to as the data domain and
the cut surface where the residual stresses are relaxed is called the image domain. In most of the previous
inverse analyses, the traction distributions on the image domain were described with a parametric family of
predetermined simple functions with a small number of parameters, and the parameters were determined
by best-ﬁtting the data (Cao et al., 2002). However, these methods are diﬃcult to apply to a body comprised
of complex geometry. In recent years, it has become in great demand to develop inverse methods to evaluate
residual stresses in a body of complex geometry such as automotive engine blocks, various casting and weld-
joint structures, and machine parts of complex geometry. In this paper, a ﬁnite element inversion method
called partial polar decomposition (PPD) is developed to provide proper determination of the traction distri-
bution with high degree of freedom on the image domain. With this method we can capitalize on the infor-
mation-guiding properties of a solid of complex geometry under elastic deformation. The complex
geometry of the body guides information of elastic deformation eﬀectively between the data and the image
domains. For the PPD inversion method, a systematic regularization is also developed. The regularization
is based on the eigenfunction expansion of the information transfer function represented by a ﬁnite element
stiﬀness matrix. As a similar example, the idea of regularization based on an eigenfunction expansion, the
so called ﬁeld projection method, was previously developed successfully for an inverse analysis of tractions
in a crack-tip cohesive zone (Hong and Kim, 2003; Choi and Kim, 2006).
Often evaluating residual stresses in an elastic body (Gao and Mura, 1989; Cao et al., 2002; Bonnet and
Constantinescu, 2005) is reduced to analyzing an inverse problem of an elasticity boundary value problem
as shown in Fig. 1. In the ﬁgure, an elastic solid is composed of body V and surface oV in a three-dimensional
space, x 2 R3. The body can be multiply connected as depicted in Fig. 1. Surface oV includes the cut surface
oVc where the internal stress is relaxed and the displacement measurement surface oVm. For the application of
residual stress evaluation, displacements um(x) measured on oVm are caused by self equilibrium tractions t
c(x)
on oVc, and the surface oV excluding oVc is traction free everywhere including oVm. The displacement ﬁeld
u(x) satisﬁes the equilibrium equation, with a linear elastic constitutive relation,Fig. 1
measur  fCruðxÞg ¼ 0 8x 2 V ; ð1:1Þ. An elastic solid of body V with surface oV including oVc of self equilibrium tractions and surface oVm for displacement
rement.
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cðxÞ 8x 2 oV c;
0 8x 2 oV  oV c;

ð1:2Þwhere tc(x) is in self equilibrium on oVc.
To evaluate the residual stress the self equilibrium tractions tc(x) on oVc are released by sectioning the solid
to expose the surface oVc as traction free, assuming that the traction release does not induce plastic deforma-
tion in the body. For this problem the Almansi (1907) theorem of elasticity shows that the tractions on oVc can
be evaluated once exact displacements and tractions are simultaneously known on any ﬁnite size surface oVm.
In practice, the tractions on oVm are known a priori to be zero from the conditions of the experiment. With the
measurement of the displacement ﬁeld on oVm suﬃcient information is available for the evaluation of the trac-
tions on oVc. However, inevitable errors in the displacement measurement and in discretization of the body
with ﬁnite elements for the matrix method cause instability in the inversion process. In this paper an eﬀective
method, the partial polar decomposition of a ﬁnite element stiﬀness matrix, is introduced to solve the inverse
problem.
Once the elastic body is discretized into ﬁnite elements, a nodal force vector f is expressed in terms of a
nodal displacement vector u with global stiﬀness matrix K asKu ¼ f: ð1:3Þ
Here the global stiﬀness matrix K is singular, but non-negative deﬁnite for a stable linear elastic solid. Deﬁning
the displacements uI and the tractions fI on the domain of interest, oVm and oVc, and the rest (u
R and fR) asuI ¼ u
m
uc
 
; fI ¼ f
m
fc
 
; uR ¼ ½u uI; fR ¼ ½f  fI; ð1:4Þthe relationship (1.3) can be partitioned toKRR KRI
KIR KII
 
uR
uI
 
¼ f
R
fI
( )
: ð1:5ÞSince fR = 0 for our problem and KRR is regular, (1.5) can be reduced toKIuI ¼ fI; ð1:6Þ
where KI ¼ KII  KIRK1RRKRI. Substituting (1.4) with fm = 0 into (1.6), the relationship (1.6) can be expressed
in a partitioned form for the inverse problem of our interest as½KI u
m
uc
 
¼ Kmm Kmc
KTmc Kcc
 
um
uc
 
¼ 0
fc
 
ð1:7Þwhere Kmm and Kcc are m · m and n · n symmetric real matrices, respectively, and Kmc is an m · n rectangular
real matrix with (mP n). The total stiﬀness matrix of (1.7) is singular as well. The inverse problem of ﬁnding fc
in the image domain from the information of um in the data domain is now expressed as a forward matrix
operation in (1.7). However, uc is unknown and it is required to eliminate uc in the stiﬀness formalism of
(1.7) to ﬁnd fc.
In the following section the partial polar decomposition of a ﬁnite element stiﬀness matrix and an associ-
ated inversion method are introduced for the process of eliminating uc in (1.7). In the subsequent section, the
inversion method is applied to evaluating internal stresses in a model experiment.
2. Partial polar decomposition (PPD) inversion method
As discussed in the previous section, it is required to eliminate uc in (1.7) to get fc from the measured data,
um. In eliminating uc, we introduce a process of partial polar decomposition of a ﬁnite element stiﬀness matrix,
beginning with decomposing the m · n rectangular real matrix
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Here R is an m · n rectangular matrix with real orthonormal column vector components, that satisﬁes
RTR = I where I is the n · n identity matrix. The matrix H is a non-singular but nearly singular n · n positive
deﬁnite symmetric real matrix. Construction of R and H for a given Kmc is as follows.
Since KTmcKmc is positive deﬁnite and symmetric real, there exists positive real eigenvalues k
2
k ; k ¼ 1; . . . ; n.
Introducing a diagonal matrix D which has its positive real diagonal components kk,k = 1, . . .,n in descending
order, the positive deﬁnite symmetric real matrix H can be constructed asH ¼ QTDQ ð2:2Þ
where Q is an orthogonal matrix with its rows as eigenvectors of KTmcKmc. Then, H
1 = QTD1Q andR ¼ KmcH1 ¼ KmcQTD1Q: ð2:3Þ
Returning back to the inversion process, the ﬁrst row matrix equation of (1.7), with (2.1),Kmmu
m þ Kmcuc ¼ Kmmum þ RHuc ¼ 0 ð2:4Þcan be rearranged asH1RTKmmu
m þ uc ¼ 0: ð2:5ÞThe local inversion of the m · n rectangular matrix Kmc in [Kmcuc = Kmmum of (2.4)) uc = H1RTKmmum
of (2.5)] is equivalent to the least square regularization of the local inversion. In other words, it is equivalent to
minimizing the error norm, [Kmmu
m + Kmcu
c]T[Kmm u
m + Kmcu
c] with respect to the variation of uc for noisy
um.
When uc in (2.5) and Kmc in (2.1) are substituted in the second row matrix equation of (1.7), we getfc ¼ ðHRT  KccH1RTKmmÞum: ð2:6Þ
Replacing H in (2.6) with Eqs. (2.2) and (2.6) can be expressed asfc ¼ ðQTDQRT  KccQTD1QRTKmmÞum: ð2:7Þ
This is the partial polar decomposition of the matrix in (1.7) with diagonal matrix D for the inverse problem of
ﬁnding fc in the image domain from the measured displacements um in the data domain. In the polar decom-
position (2.7), D is nearly singular in general so that regularization is required for the inversion process asso-
ciated with D1.
3. Regularization of PPD inversion
3.1. Single-index truncation regularization of the partial polar decomposition
In order to regularize the inversion process, ﬁrst, we introduce matricesLk ¼ QTEkQRT ð3:1Þ
andMk ¼ KccQTEkQRTKmm; ð3:2Þ
for k = 1, . . .,n, where Ek is an elementary square matrix with null components except for a unit component at
the site of the kth row and the kth column. Then, (2.7) can be expressed as a series form asfc ¼
Xp
k¼1
kkLk  1kk Mk
 
um ð3:3Þwith p = n. The stability of the PPD inversion can be assessed as follows. The measured displacement
um ¼ um0 þ ue is composed of the signal um0 and the noise ue. The terms in (3.3) cause instability in the series
when the signal to noise ratio at the image domain, nk ¼ kðkkLk Mk=kkÞuek=kðkkLk Mk=kkÞum0 k approaches
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anisotropic, i.e., it is mode sensitive depending on the noise characteristics. However, since our interest in this
paper is to establish the PPD inversion structure, we will only discuss the PPD inversion process associated
with an isotropic noise, i.e., nk = n0 "k = 1, 2, . . ., n.
As shown in this PPD formulation, the near-singular behavior of the inversion comes from the second
term in the parenthesis of (3.3) for an isotropic noise. The error ampliﬁcation factor is bound by
kmaxK
L
max þ KMmax=kmin. Here KLmax and KMmax are the square root values of the maximum eigenvalue of LLT
and MMT, respectively. However, LLT and MMT are regular matrices, and most of the ill-conditioning of
the matrix comes from the large ratio contribution of KMmax=kmin. Therefore, the inversion can be regularized
by truncating the series summed up to p < n in (3.3) in approximation, provided that the noise in um is satis-
factorily close to isotropic and small. The truncation regularization is similar to that of other simple singular
value decomposition methods (Tan et al., 2005). In many cases, when the data domain information is accu-
rate, the single-index truncation of (3.3) is satisfactory in practice for a low degree of freedom for the variation
of the image domain variables. However, in our formulation the truncation regularization can be further
reﬁned by decomposingMk to have two free truncation indices. In the following subsection the reﬁned optimal
regularization with double-index truncation is discussed.
3.2. Double-index truncation for optimal regularization
As mentioned above, the truncation regularization can be further reﬁned by decomposing Mk in (3.3) intoMk ¼ H^kR^Tk ; ð3:4Þ
where H^k and R^k are a non-negative deﬁnite symmetric matrix and an m · n rectangular matrix with real
orthonormal column vector components, respectively, to yieldfc ¼
Xn
k¼1
kkLk  1kk H^kR^
T
k
 
um: ð3:5ÞThen, H^k is diagonalized, like (2.2), asH^k ¼ Q^Tk D^kQ^k ¼
Xn
j¼1
k^kjQ^
T
kEjQ^k; ð3:6Þand (3.5) becomesfc ¼
Xn
k¼1
kkLk 
Xn
j¼1
Xn
k¼1
k^kj
kk
Nkj
 !
um ð3:7Þwhere Nkj ¼ Q^TkEjQ^kR^
T
k . Since the norms of the following matrices the properties kLkk = O(1), kNkjk = O(1),
max(kk)  kKk and maxðk^kjÞ  kKk2, the inversion can be regularized by truncating the series in (3.7) asfc ¼
Xn
k¼1
kkLk 
X
k;j2fk;jg
k^kj
kk
Nkj
0
@
1
Aum ð3:8Þwhere {k, j}* is a set of indices that satisﬁes k^kj=kk 6 kKk for the double-index truncation. Here, the norm of a
real matrix A stands for the square root of the maximum eigenvalue of ATA.
The regularization with truncation, (3.8), can be further generalized by introducing ﬁlter functions, X(k)
and X^ðk; jÞ, such thatfc ¼
Xn
k¼1
XðkÞkkLk 
Xn
j¼1
Xn
k¼1
X^ðk; jÞ k^kj
kk
Nkj
 !
um ð3:9Þfor which X(k) = 1 for kk 6 kKk and X(k) = exp{a(kkkKk)} for kkP kKk; X^ðk; jÞ ¼ 1 for k^kj=kk 6 kKk
and X^ðk; jÞ ¼ exp½bfðk^kj=kkÞ  kKkg for k^kj=kk P kKk. Here, a and b are positive optimization parameters
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minimizing the error normFig. 2.
domaiL
Xn
k¼1
XðkÞkkLk 
Xn
j¼1
Xn
k¼1
X^ðk; jÞ k^kj
kk
Nkj
 !
um

 r
( )2with respect to variations of a and b, where L is a smoothing operation matrix, such as the second derivative
operator, and r is a prescribed parameter for the optimization of the regularization.
4. Experimental veriﬁcation of the PPD inversion method
In order to verify the eﬀectiveness of the partial polar decomposition (PPD) inversion method, a demon-
stration experiment was carried out with a model specimen. The geometry of the specimen is shown in
Fig. 2. The specimen was made of a 6061-T6 aluminum block of approximately 50 · 50 · 50 mm3, whose inte-
rior proﬁle was cut with an EDM (shown in Fig. 2 as a backwards ‘‘c’’ shape). At the back of the specimen a
threaded hole was made to drive a screw to generate self equilibrium internal stresses in the specimen. In this
experiment, the deformation was induced by generating the internal stresses with the screw loading, instead of
relaxing residual stresses by cutting a specimen with inherent residual stresses. While the specimen was loaded
by turning the screw, the image plane oVc was set at the middle cross-section of the specimen, denoted by
dashed lines in Fig. 2. Then, the traction of our interest, tc, is the traction induced on oVc by the screw loading.
A ﬁne ﬁnite-element mesh for the elastic body used for the inversion process is also shown in Fig. 2 for illus-
tration; however, the results obtained with a coarse mesh will be discussed later in this section. The coarse
mesh was used to test the one-dimensional regularization truncation scheme which provides a suﬃcient
number of terms for stable convergence of the PPD inversion.Geometry of specimen for PPD inversion validation experiment, including strain gage locations (A, B and C), image and data
n labels, a ﬁne ﬁnite element mesh and dimension (shown in inches, 1 inch = 25.4 mm).
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oVm as depicted in Fig. 2. The displacement was measured with a speckle interferometer, the GOM mbH,
ESPI SD-30. The interferometer registered the phase of the surface-roughness laser speckle pattern before
the specimen was loaded, employing the four step phase shifting technique (Cloud, 1994). After the screw
loading, the phase of the deformed-surface laser speckle was measured similarly and subtracted from the reg-
istered speckle phase of the undeformed conﬁguration to get the phase change caused by the deformation.
Then, the phase change was converted to the measure of displacements. This interferometry has nominal dis-
placement resolution of about 10 nm and spatial resolution limited by 1280 · 1024 pixels for the 50 · 50 mm2
data domain of the specimen. The three components of the displacements measured on the data plane are
shown in Figs. 3(a), (b) and (c). The displacement variations in the x, y and z directions on the data plane
are, respectively, within approximately 10 lm. The displacement data shows a non-symmetric distribution
due to a rigid body motion and an internal torque caused by contact friction at the screw tip. For an indepen-
dent evaluation of the traction tc, three strain gages were used to measure strains at three spots, A, B and C
shown in Fig. 2, along the intersection lines of the image plane oVc and the inside as well as the outside sur-
faces of the outer specimen bridge wall. Figs. 3(d), (e) and (f) show a set of displacements generated by a for-
ward ﬁnite element analysis of an assumed contact load distributed on the contact area between the screw tip
and the specimen (Lee et al., 2006). Piece-wise uniform normal and shear tractions on two quadrants of the
circular contact area were applied to provide a similar displacement distribution on the data domain oVm. The
forward analysis was carried out to compare the traction distribution on the image domain oVc.
For the inversion process the displacement ﬁeld u˜m(x) measured at the ESPI camera pixel sites were con-
verted to the FEM nodal displacements um, minimizing the error norm of ku˜m(x)  S(x)umk on the data
domain oVm. Here S(x) is the bi-linear shape function of the surface element on oVm, which is consistent with
the shape function of the three dimensional element of the elastic body. The global stiﬀness matrix K was con-
structed with the three dimensional linear shape function and isotropic elastic constants of aluminum, i.e.,
Young’s modulus of 68.9 GPa and Poisson’s ratio of 0.33. The stiﬀness matrices of Kmm, Kmc and Kcc were,
then, derived from the global stiﬀness matrix K, based on the steps from Eqs. (1.3), (1.4), (1.5), (1.6) and (1.7).Fig. 3. Contour plots of displacements measured by ESPI on the data domain: (a) x component, (b) y component, (c) z component;
displacements generated by the ﬁnite element simulation: (d) x component, (e) y component and (f) z component.
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(2.7) was carried out with MATLAB 6.5. For the inversion process the tractions tc on oVc were evaluated
approximately by truncating the series in (3.3) up to p < n. In this demonstration experiment a coarse mesh
of 80 ﬁnite elements were used. The coarse mesh had 35 nodes on the data domain oVm as well as on the image
domain oVc. Therefore, we had m = n = 105 for the partitioned sub-matrices in (1.7).
Figs. 4(a)–(e) exhibit distributions of the normal traction tcz on oVc for p = 1, 3, 5, 7 and 9, number of terms
used in the truncated series of (3.3). The pattern of the normal traction distribution converges smoothly up to
the seventh term (p = 7) among 105 possible terms (n = 105) of the series. The patterns of p = 4, 5, 6 and 7
look similar but vary slightly for its traction values. The pattern breaks up and the traction values begin to
diverge beyond p = 7. This result shows that inversion is stable up to the seventh mode of traction distribution
for the partial polar decomposition inversion of the data. As shown in Fig. 4(e), the traction distribution
begins to diverge, showing an error-ampliﬁed higher mode in the cross-section of the middle bridge.
Fig. 4(f) shows a traction distribution evaluated by a forward FEM analysis with ﬁne meshes. The tractionFig. 4. Out of plane (z) component of the traction vector evaluated on the image plane by the PPD inversion method truncated beyond
p = 1, 3, 5, 7 and 9, (a) through (e), respectively. (f) Out of plane (z) component of the traction generated by FEM simulation.
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paring Figs. 4(d) and (f), we can notice that the lower mode of the stress distribution is qualitatively similar.
However, average values of the tractions at the two symmetric sites of the strain gage readings (sites A, B and
C in Fig. 2) were 23, 4 and 10 MPa for p = 7, while the strain gage readings were 25, 10 and 7 MPa. The
discrepancies in this comparison indicate that a higher frequency mode than that of p = 7 may be needed to
catch the spatial variation of the traction satisfactorily. In addition, the traction distribution is slightly non-
symmetric as shown in Fig. 4(d). As mentioned earlier, the deviation of the symmetry is presumably caused by
a net internal torque and a net lateral force generated by contact friction of the screw at its tip, but not by as
much localized as Lee et al. assumed. Other components of the traction show also the presence of the internal
torque and the lateral force.
The eigenvalues kk,k = 1, . . ., n of D in Eqs. (2.2) and (3.3) for this experiment monotonically decrease from
k1 = 2.525 · 108, throughk8 = 9.156 · 107, to k105 = 2.028 · 102. This result shows that the condition number
of D or Kmc is approximately 10
6, indicating strong near-singular characteristics of D. The largest value of kk,
i.e., k1, is indeed close to kKk. The modes of the traction distribution on the image domain, which are projec-
tions of the measured displacement data projected by Lk and Mk increase its spatial frequency as k increases.
However, the modes of low k values also contain some high spatial frequency components in their traction
distributions, indicating that further regularization can be achieved with an additional polar decomposition
of Mk as shown in Eqs. (3.4) and (3.8). It is also worth noting that the instability of the inversion increases
noticeably in the truncation regularization as p increases beyond p = 7. Considering that k1/k8 is only 2.7
in approximation, the low-p instability of inversion beyond p = 7 seems to be mainly caused by the projection
of Mk. Therefore, it is believed that the inversion can be improved if the regularization includes an additional
polar decomposition of Mk as described in (3.8) or (3.9).
5. Discussion
In the early sections, we have derived a new PPD inversion method of evaluating residual stresses in an
elastic body. The derivation of the PPD inversion (3.8) shows that the inversion with information of broad
spatial frequency spectrum is mainly limited by the projection (Lk and Nkj in (3.8)) and ampliﬁcation (kk
and k^kj=kk in (3.8)) characteristics of the inversion process for the noise in the measured displacement distri-
bution on the data domain. The projection and ampliﬁcation characteristics come from the reduced stiﬀness
matrix KI and its partitioning in (1.7), and they are mainly sensitive to the geometry and size of the FEM ele-
ments of the specimen, the data domain and the image domain. The projection is composed of the forward
projection Lk and the inverse projection Nkj. The ampliﬁcation k^kj=kk of the inverse projection is found to
be the major source of divergence in the inversion process. For an isotropic signal-to-noise distribution on
the data domain, the magnitude of the ampliﬁcation factor, k^kj=kk, determines the truncation limit in the range
of double indices, i.e.ðk; jÞfork^kj=kk, and the stability of the inversion process. Roughly speaking, the lower
mode of the indices corresponds to weak ellipticity of the signal transduction and the long characteristic length
of information transfer due to the complexity of the specimen geometry. The higher mode corresponds to the
Saint Venant exponential decay of the signal.
The PPD ﬁnite element inversion is believed to be a robust method in practice to take advantage of the
information-guiding properties of complex structure. In other inverse methods for residual stress measure-
ments (e.g., Cao et al., 2002), the functional shape of the traction distribution is pre-determined in a paramet-
ric form with a small number of parameters. In contrast, the PPD ﬁnite element inversion method, unlike
those other inverse methods, provides automatic selection of the functional shape with a high degree of free-
dom on the image domain of the complex geometry, in inverting the measured displacement information of
the data domain.
In addition to the PPD inversion method, a veriﬁcation experiment was carried out, employing the ESPI
displacement measurement. A specimen of multiply connected geometry was used to investigate the guiding
properties of information projection from a data domain to an image domain, or vice versa. However, the
PPD method can be also sensitive to approximation errors from ﬁnite element discretization and errors in
the elastic constants for certain modes of error distribution on the data domain. For example, the aluminum
specimen used in the veriﬁcation experiment is wrought 6061-T6 aluminum with micro granular texture so that
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ESPI measurement of the displacement is relatively accurate (10 nm resolution), the data contains measure-
ment noise. In addition, we used a very coarse mesh for the ﬁnite element discretization in the veriﬁcation
experiment. Nevertheless, the experimental results exhibited stable regularization up to an appreciable number
of terms (p = 7) for the PPD ﬁnite element inversion method with relatively large (105) degrees of freedom.
In this paper, we have carried out a demonstration experiment showing the promise of the practical appli-
cation of the PPD method with an ESPI displacement measurement. In the demonstration experiment, we
employed the single-index truncation method to see the feasibility of practical implementation of the PPD
inversion method. Various optimization schemes of further regularization with ﬁne meshes including the dou-
ble-index truncation and the associated experiments for the partial polar decomposition remain to be inves-
tigated. In addition, stability of the PPD inversion process for various noise characteristics other than the
isotropic signal to noise case is also left for further study.
6. Conclusions
A new inverse technique called the PPD inversion method has been developed to evaluate internal residual
stresses on an internal plane of an elastic complex structure. Although the PPD method has been developed in
the context of the ﬁnite element method in this paper, the PPD method can also be implemented for the
boundary element method.
The development of the PPD inversion method revealed the structure of the inverse information transfer,
from the data domain to the image domain in general elastic bodies. The PPD inversion method is expressed in
a series of terms each of which is composed of projection and ampliﬁcation characteristics. The projection and
the ampliﬁcation characteristics as well as the noise characteristics of the data domain determine the admis-
sible terms for a stable inversion in the truncation regularization of the PPD inversion method. In this paper,
only the isotropic signal-to-noise ratio was considered for simplicity.
Two major truncation schemes of regularization for the PPD method have been derived; one is the single-
index truncation and the other the double-index truncation.
A veriﬁcation experiment has been carried out to demonstrate the practicality of the PPD inversion method
for measuring residual tractions on an internal surface, i.e., the image domain of a multiply connected elastic
body. ESPI is found to be robust and accurate enough to determine the tractions of the internal stress, exhib-
iting stability of regularization up to an appreciable number of terms (p = 7) in the PPD inversion series for a
relatively large (105) degree of freedom system.
The PPD inversion method is considered to be eﬀective and practical in measuring residual stresses in solid
bodies of complex geometry, such as automotive engine blocks, various casting structures and machine parts
of complex geometry.
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